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The Helmholtz equation plays a central role in the description of propagation phenomena in optics and acoustics. The paraxial approximation to the Helmholtz equation, also known as the paraxial wave equation, has long been the instrument of choice for the performance of calculations because it is amenable to solution by accurate marching techniques. ' The generation of an accurate solution to the unapproximated Helmholtz equation by marching, on the other hand, requires the accurate evaluation of a square-root operator applied to some initial field. Ideally, this evaluation could be performed in an appropriate diagonal representation having the same dimension as the number of points on the computational grid, but for most applications such a procedure would be impractical. ' By using an orthogonalization procedure developed by Lanczos, however, one can generate a lowdimensional representation, valid over a sufficiently short propagation step, which accurately diagonalizes the square-root operator. 3 This method is a generalization of earlier Lanezos-based methods for solving the time-dependent Schr6dinger equation. 4 ' 5 An improved paraxial approximation to the Helmholtz equation can be derived from a pseudodifferential equation involving the square-root operator by approximating the square root by Pad6 approximants. 6 The resulting wide-angle parabolic equations are, however, valid only for angular components up to 45 deg. 6 The Lanczos solution, on the other hand, is valid for angles up to and including 90 deg. 2 If either initial conditions or sharp changes in refractive index generate Fourier components of the field that do not correspond to forward-propagation angles, such components decay exponentially in the Lanczos scheme. 2 A shortcoming of the Lanczos propagation scheme as previously formulated for solving both the paraxial wave and the Helmholtz equations 3 is that it is restricted to Hermitian operators, which prevents the use of imaginary refractive indices that represent the effects of gain or loss. This restriction excludes a wide class of interesting propagation applications. Even when loss is not explicitly included in the problem, it is customary to include loss in a border region along the grid boundary to prevent power from being reflected from the boundaries back into the interior of the computational grid. Even these losses cannot be included in a selfconsistent way. One can apply a spatial filter to the field along the boundaries after each propagation step, but this may have subtle effects on long-range propagation. For example, we have found that a beam placed over one arm of a directional coupler will not necessarily couple to the other arm. Instead the entire field for certain input beams can relax to the lowest-order symmetrical mode of the coupler.
In this Letter we report a generalization of the standard Lanczos orthogonalization procedure' to complex non-Hermitian operators. This generalization makes it possible to obtain accurate solutions to the Helmholtz equation with complex refractive-index distributions by the Lanczos orthogonalization procedure.
We begin by writing the scalar Helmholtz equation for a field variable T, 
If we define the operator H as
Eq. (2) can be written as
Equation (4) is satisfied by two independent solutions that correspond to waves propagating to the right and to the left. The rightward-propagating solution can be written formally as 8 We define a set of right column vectors Jqo)... The left-hand side of Eq. (6) signifies an inner product between (qnl and qqn'), and the components of (qn,' are in general not the complex conjugates of the components of |qn), as they are when H is Hermitian.
A generalization of the standard Lanezos orthogonalization 9 recursion relation that leads to a symmetric representation of H is given by the following pair of recursion relations: To test the solution method we consider the complex truncated quadratic index profile,
Pn(qn'1 = (qn'H -an(qn'l -P-1 (qn-'|1, (7b)
with no = 1.5, A = 0.9 ,.m, A = 0.031248, and xo = 60 ,um. For v positive, the profile (9) describes a quadratic gain profile. An analytic solution to Eq. (2) for the index profile (9) can be written as
where Nn and Hn are normalization constants and Hermite polynomials and I,', are the paraxial mode propagation constants for the quadratic profile (9), namely, o= An,
The mode eigenfunctions (lOb) and propagation constants (11) are accurate as long as modes are not too close to the cutoff. Figure 1 shows the evolution of the beam as it propagates along the waveguide when the starting points is 128, Az = 3.04 ,-m, and the propagation distance z is expressed in units of the paraxial periodic focusing distance for the profile (9), namely, Zf = 0.146 cm. The parameter v was set to give the maximum gain length at the waveguide center the value 0.05 cm. Plotted in Fig. 1 are the beam patterns for the Helmholtz solution (solid curves) and the paraxial solution (dotted curves), both computed using the generalized Lanezos orthogonalization scheme with N = 6, i.e., the equivalent of fifth order in a Taylor expansion sense. The analytic and numerical Helmholtz solutions, which are superimposed, are indistinguishable. It was found that the maximum difference between the on-axis analytic and computed Helmholtz intensities was of the order of one part in 106. (12) Finally, in Fig. 2 the corresponding results obtained by using the same parameters but changing the sign of v to correspond to an absorption length of 0.05 cm are displayed. The accuracy for the absorption case was comparable with that for the gain case, and again the analytic and numerical curves for the Helmholtz equation solutions are indistinguishable. The discrepancy between paraxial and Helmholtz fields for large z, owing to dephasing of the modes in the case of Helmholtz propagation, on the other hand, is even more pronounced than in the case of gain.
Comparisons between the previous formulation of Lanczos propagation and the generalized version described in this Letter, which space does not permit us to describe, indicate that the generalized method is capable of larger propagation steps and is in general more robust. In particular we have found that the generalized scheme correctly describes the coupling of energy between arms of a directional coupler, quite independent of the input field.
